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ABSTRACT 
The KDamper is a novel passive vibration isolation and damping concept, based essentially on 
the optimal combination of appropriate stiffness elements, which include a negative stiffness 
element. The KDamper concept does not require any reduction in the overall structural 
stiffness, thus overcoming the corresponding inherent disadvantage of the “Quazi Zero 
Stiffness” (QZS) isolators, which require a drastic reduction of the structure load bearing 
capacity. Compared to the traditional Tuned Mass damper (TMD), the KDamper can achieve 
better isolation characteristics, without the need of additional heavy masses, as in the case of 
TMD. Contrary to the TMD and the inerter, the KDamper substitutes the necessary high 
inertial forces of the added mass by the stiffness force of the negative stiffness element. Among 
others, this  can provide comparative advantages in the very low frequency range.  
The paper proceeds to a systematic analytical approach for the optimal design and selection of 
the parameters of the KDamper, following exactly the classical approach used for the design of 
the TMD. It is thus theoretically proved, that the KDamper can inherently offer far better 
isolation and damping properties than the TMD. Moreover, since the isolation and damping 
properties of the KD essentially result from the stiffness elements of the system, further 
technological advantages can emerge, in terms of weight, complexity and reliability.   
A simple vertical vibration isolation example is provided, implemented by a set of optimally 
combined conventional linear springs. The system is designed so that the system presents an 
adequate static load bearing capacity, while the transfer function of the system is below unity in 
the entire frequency range. Further insight is provided to the physical behaviour of the system, 
indicating a proper phase difference between the positive and the negative stiffness elastic 
forces. This fact ensures that an adequate level of elastic forces exists throughout the entire 
frequency range, able to counteract the inertial and the external excitation forces, while the 
damping forces and the inertia forces of the additional mass remain minimal in the entire 
frequency range, including the natural frequencies.  
 
1. Introduction 
Among the established vibration absorption concepts, the Tuned Mass Damper has the longest 
history. A tuned mass damper (TMD) is a device consisting of a mass, a spring, and a damper that is 
attached to a structure in order to reduce the dynamic response of the structure, by modifying its 
transfer function close to the original structure natural frequency(ies). The TMD  concept was  first  
applied by Frahm  in  1909  [1]. A  theory  for  the TMD  was  presented  later  in  the  paper  by 
Ormondroyd  and Den Hartog [2] . A detailed discussion of optimal tuning and damping parameters 
appears in Den Hartog’s book on mechanical vibrations [3]. Since then, numerous applications of 
various forms of TMDs have been reported. Some recent examples include vibration absorption in 
seismic or other forms of excitation of structures [4], wind and wave excitation in wind turbines [5] 
and tortional vibrations in rotating and reciprocating machines [6]. TMDs are available in various 
physical forms, including solids, liquids [5], or even active implementations [7]. The essential 
limitation of the TMD is that a large oscillating mass is required in order to achieve significant 
vibration reduction. Among others, this has prohibited the usage of TMDs in the automotive or 
aerospace sector.  
In an attempt to reduce the requirements for heavy oscillating masses, the inerter concept has 
been introduced in early 2000s by Smith [8].  The inerter is a two terminal element which has the 
property that the force generated at its ends is proportional to the relative acceleration of its terminals. 
Its constant of proportionality is called inertance and is measured in kilograms. The main advantage 
of the inerter is that the inerter need not have large mass in order to achieve the same inertia effect as 
the additional mass of the TMD.  However, since inerters, dampers and springs can be connected in 
multiple configurations [9], the comparison of the structure of the Frequency Response functions of 
the inerter and of the TMD becomes very complicated. In 2005 the inerter was profitably used as a 
part of suspension in Formula 1 racing car under the name of J-damper [10]. Since then, other 
applications emerged, such as in suspensions of railway vehicles [11] or in seismic protection of 
structures [12]. Although the initial inerter configuration is for linear accelerations, rotary versions 
[13], or even active configurations [14] have been proposed. Still, to work efficiently, all considered 
devices have to be precisely tuned which can be hard to achieve or even impossible in some cases. 
Moreover proposed TMDs with inerters suffer from susceptibility to detuning. Although variable 
inertance mechanical configurations have been proposed for this purpose [15], the essential limitation 
of the inerter is the complex and elaborate mechanical design configurations needed for its 
implementation. 
A parallel direction to the above is the concept of introducing negative stiffness elements (or 
’anti-springs’) for vibration isolation. This concept has also a long history, being first 
introduced in the pioneering publication of Molyneaux [16], as well as in the milestone  
developments of Platus [17]. The central concept of these approaches is to significantly reduce 
the stiffness of the isolator and consequently to reduce the natural frequency of the system 
even at almost zero levels [18], being thus called “Quazi Zero Stiffness” (QZS) oscillators.  In 
this way, the transmissibility of the system for all operating frequencies above the natural 
frequency is reduced, resulting to enhanced vibration isolation. An initial comprehensive review of 
such designs can be found in [19].  
The  negative  stiffness behavior is primarily achieved by special mechanical  designs involving 
conventional  positive stiffness  pre-stressed  elastic  mechanical  elements,  such as post-buckled 
beams, plates, shells and pre-compressed springs, arranged in appropriate geometrical configurations. 
Some interesting designs are described in [20],[21]. However, alternatively to elastic forces, other 
forms of physical forces can be used to produce an equivalent negative stiffness effect, such as 
gravitational [22], magnetic [23] or electromagnetic [24]. Quazi Zero Stiffness (QZS) oscillators are 
finding numerous applications in seismic isolation [25,26,27,28], all types of automotive suspensions 
[29–31] or tortional vibrations [32]. 
Quite recently, periodic cellular structures with advanced dynamic behavior have been also 
proposed [33,34,35,36], combining high positive and negative stiffness. Although the physical 
mechanisms that generate increased damping in cellular structures are not well understood, 
microbuckling or slip- stick phenomena [37,38,39] could be among the possible explanations. 
 Parallel, quite interesting possibilities towards achieving significant damping have been 
demonstrated to exist also in materials comprising a negative stiffness phase [40], not only at a 
material level [41], but also at macroscopic devices [42]. Quite interestingly, such a behaviour is 
combined with high stiffness properties. A theoretical approach has been performed for the 
analysis of the static and dynamic stability o f  composite materials, incorporating negative 
stiffness elements [43]. 
 However, Quazi Zero Stiffness (QZS) oscillators suffer from their fundamental requirement 
for a drastic reduction of the stiffness of the structure almost to negligible levels, which limits 
the static load capacity of such structures.   
 It should be noted that a rich variety of nonlinear dynamic phenomena [44,45,46,47,48,49], 
either inherently present, or designed to be present in all types of the above vibration absorbers, 
greatly contribute to the complexity of their dynamic behavior, as well as to the increase of their 
dynamic performance.  
Quite recently, a novel type of oscillator has been proposed [50], incorporating a  negative 
stiffness element,  which  can  exhibit  extraordinary damping  properties,  without  presenting  
the drawbacks of the traditional linear oscillator, or of the ’zero-stiffness’ designs. This oscillator 
is designed to present the same overall (static) stiffness as a traditional reference original 
oscillator.  However, it differs both from the original SDoF oscillator, as well as from the known 
negative stiffness oscillators, by appropriately redistributing the individual stiffness elements and 
by reallocating the damping. Although the proposed oscillator incorporates a negative stiffness 
element, it is designed to be both statically and dynamically stable.  Once such a system is 
designed according to the approach proposed in [50], it is shown to exhibit an extraordinary 
damping behaviour. Moreover, a drastic increase of several orders of magnitude has been observed 
for the damping ratio of the flexural waves propagating within layered periodic structures 
incorporating such negative stiffness oscillators [51]. 
In this paper, the concept of [50] is treated in a systematic way, within the general context of the 
design of the general class of tuned mass dampers.  Section 2 of the paper performs an overview of 
the dynamic structure of the main conventional vibration absorbers/isolators -the Quazi Zero Stiffness 
Oscillator, the Tuned Mass damper and the Inerter- together with a concise presentation of their 
disadvantages. Next the KDamper is introduced, together with a preliminary conceptual presentation 
on its fundamental concept and on why this concept can overcome the disadvantages of the traditional 
vibration absorbers. The optimal selection approach of the KDamper parameters is introduced in 
Section 3, which follows exactly the same steps of [3]. In this way, a direct comparison of the 
KDamper with the TMD damper is performed in section 4, which reveals its basic properties. The 
KDamper always indicates a better isolation properties than a TMD damper with the same additional 
mass. Instead of increasing the additional mass, the vibration isolation capability of the KDamper can 
be increased by increasing the value of the negative stiffness element. Consequently, significant 
vibration isolation properties can be achieved, even for very low values (practically insignificant) of 
the additional mass. However, the increase of the negative stiffness element is upper bounded by the 
static stability limit of the structure.  
Section 5 presents an application of the KDamper concept. The linear negative stiffness element 
is realized by a non-linear bistable element, which operates around an unstable equilibrium point. 
This bistable element takes the form of two horizontal springs, which transfer a negative force to a 
vertical spring through an appropriate mechanism. The system is designed so that it presents an 
adequate static load bearing capacity, while the transfer function of the system is below unity in the 
entire frequency range.The stiffness elements of this oscillator are selected according to the design 
procedure analysed in section 3.  
Further insight to the physical behavior of the system is provided, by analyzing the balance of 
forces in the entire frequency range. It is observed that the magnitude of the damping force and of the 
inertia force of the additional mass is minimal throughout the entire frequency range, including the 
natural frequencies of the system.  Thus, the external force is almost entirely balanced by the positive 
and negative stiffness forces, as well as by the inertia of the main mass. This fact ensures that an 
adequate level of elastic forces exists throughout the entire frequency range, able to counteract the 
inertial and the external excitation forces and justifies the concept of stiffness based vibration isolation.  
 
 
2. Overview of conventional vibration absorbers and the KDamper concept 
 Figure 1 presents the basic layout of the fundamental vibration isolation and damping concepts to 
be considered. They are all designed to minimize the response x(t) of an undamped SDoF system of 
mass m and total static stiffness k of to an external excitation force f(t).  
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Figure 1. Schematic presentation of the main vibration isolation and damping concepts (a) 
Quasi-Zero Stiffness (QZS)  oscillator, (b) Tunned Mass Damper(TMD), (c) Inerter (JDamper), (d) 
KDamper. 
The concept of the QZS oscillator is to add a negative stiffness element kN  in parallel to the 
conventional positive stiffness element kP . The equation of motion of the Quazi Zero Stiffness (QZS) 
oscillator is : 
fkxxcxmxkkxcxm DNPD =++=+++  )(                                                                               (1) 
Since kN is negative, the overall static stiffness k =kN +kP of the system is reduced. This 
correspondingly reduces the natural frequency f0 of the system. 
m
kf
π2
1
0 =                                                                                                                                (2) 
 However, this limits the static loading capacity of the structure, which may result to unsolvable 
problems, especially in vertical vibration isolation. For example, if XVSD denotes the static deflection 
of such an isolation system under its own weight in the vertical direction: 
k
mgXVSD =                                                                                                                                    (3) 
the combination of equations (2) and (3) leads to: 
2
0 )2( f
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Figure 2: Dependence of static deflection on the isolation frequency for vertical vibration 
isolation  
Fig. 2 presents graphically eq (4) and it clearly reflects the implicit constraints for low frequency 
vibration isolation, especially in the vertical direction. It should be noted that according to Eq. (4), 
XSVD depends only on the gravity and the natural frequency f0. 
The equation of motion of the Tuned Mass Damper (TMD) is: 
fyxkkxyxcxm DD =−++−+ )()(                                                                                          (5.a) 
0)()( =−−−− yxkyxcym DDD                                                                                                (5.b) 
or equivalently: 
fymkxxm D =++                                                                                                                   (5.c) 
0)()( =−−−− yxkyxcym DDD                                                                                                (5.b) 
Assuming a harmonic excitation in the form of: 
)exp()( tjkXtf ST ω=                                                                                                                 (6) 
and a steady state response of: 
)exp(~)( tjXtx ω=                                                                                                                    (7.a) 
)exp(~)( tjYty ω=                                                                                                                       (7.b) 
where YX ~,~ denote the complex response amplitudes, the equations of motion (5) of the TMD 
become: 
STDD kXYXkXkYXcjXm =−++−+− )
~~(~)~~(~2 ωω                                                                 (8.a) 
0)~~()~~(~2 =−−−−− YXkYXcjYm DDD ωω                                                                             (8.b) 
or equivalently: 
STD kXYmXkXm =−+−
~~~ 22 ωω                                                                                              (8.c) 
0)~~()~~(~2 =−−−−− YXkYXcjYm DDD ωω                                                                             (8.b) 
The resulting transfer function for the response amplitude X~ is: 
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where: 
0/ωω=q                                                                                                                                (10.a) 
0/ωωρ D=                                                                                                                              (10.b) 
mk /0=ω                                                                                                                            (10.c) 
DDD mk /=ω                                                                                                                      (10.d) 
DDDD mkc 2/=ζ                                                                                                                 (10.e) 
mmD /=µ                                                                                                                              (10.f) 
An approach for the optimal selection of the TMD parameters ρ and ζD (optimal “TMD tuning”) 
can be found among others in [3] and it leads to the following results: 
)1/(1 µρ +=OPT                                                                                                                    (11.a) 
3)1(8/3 µµζ +=
OPTD                                                                                                        (11.b) 
The maximum value of the amplitude of the transfer function becomes: 
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Figure 3 presents the effect of the mass ratio μ on the Transfer function of the TMD. Ας it can be 
noticed, a high value of μ is required for efficient vibration isolation, a fact which consists the major 
disadvantage of the TMD. 
An indicative form of the implementation of the inerter is presented in Fig 1.c. It corresponds to 
a simplified version of the configuration A of [9]. 
The equation of motion of this specific configuration of the Inerter is: 
fyxkkxyxcxm D =−++−+ )()( 1                                                                                        (13.a) 
0)()( 21 =+−−−− ykyxkyxcyb D                                                                                       (13.b) 
From a dynamics point of view, the transfer function of the system of equations (13) for the 
inerter is exactly the same as the transfer function of the TMD in Eq (8), when the value of k2 is equal 
to zero and for b=mD, k1=KD. Moreover, as it will be further proven in chapter 4, a positive value for 
k2 has an adverse effect to the transfer function of the system. Therefore, the main advantage of the 
inerter over the TMD is considered to be technological: due to the technological design of the inerter, 
it can achieve the same inertia effect with a TMD, while it requires significantly less added mass than 
the TMD. 
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Figure 3: Effect of the mass ratio μ on the Transfer function of the TMD (a)Values for four 
different values of μ. (b) variation of the maximum value of the transfer function over μ.  
Figure 1.d presents the fundamental concept of the KDamper. Similarly to the QZS oscillator, 
it uses a negative stiffness element kN. However, contrary to the QZS oscillator, the first basic 
requirement of the KDamper is that the overall static stiffness of the system is maintained: 
k
kk
kk
k
NP
NP
S =+
+                                                                                                                              (14) 
In this way, the KDamper can overcome the fundamental disadvantage of the QZS oscillator. 
Compared to the TMD damper, and similarly to the inerter, the KDamper also uses a dual port 
element connects the additional mass also to the base. However, instead of an inertial element (i.e. the 
inerter), the KDamper uses a negative stiffness element kN. Thus, the equation of motion of the 
KDamper becomes: 
fyxkxkyxcxm PSD =−++−+ )()(                                                                                   (15.a) 
0)()( =+−−−− ykyxkyxcym NPDD                                                                               (15.b) 
or equivalently: 
fykymxkxm NDS =+++                                                                                                 (15.c) 
0)()( =+−−−− ykyxkyxcym NPDD                                                                               (15.b) 
Assuming a harmonic excitation in the form of eq (6) and corresponding harmonic responses in 
the form of eq (7), the equations of motion (15) of the TMD become: 
STPSD kXYXkXkYXcjXm =−++−+− )
~~(~)~~(~2 ωω                                                             (16.a) 
0~)~~()~~(~2 =+−−−−− YkYXkYXcjYm NPDD ωω                                                                 (16.b) 
or equivalently: 
STNDS kXYkYmXkXm =+−+−
~~~~ 22 ωω                                                                                (16.c) 
0~)~~()~~(~2 =+−−−−− YkYXkYXcjYm NPDD ωω                                                                 (16.b) 
A careful examination of eqs (16.c) reveals that the amplitude FMD of the inertia force of the 
additional mass and the amplitude FN of the negative stiffness force:  
YmF DDM
2ω−=                                                                                                                    (17.a) 
YkF NN =                                                                                                                               (17.b) 
are exactly in phase, due to the negative value of  kN. Thus, similarly to the inerter, the KDamper 
essentially consists an indirect approach to increase the inertia effect of the additional mass mD. 
without however increasing the mass mD itself. This is more obvious by a further comparison of eqs 
(8.c) and (16.c). Moreover, it should be noticed that the value of FMD depends on the frequency, while 
the value of FN is constant in the entire frequency range, a fact which is of importance for low 
frequency vibration isolation. 
 3. Optimal design approach for the KDamper 
The optimal design approach for the parameters of the KD damper follows exactly the 
corresponding steps as in [3]. First, the transfer function of the KD damper results from eqs (16). 
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where: 
NPD kkk +=                                                                                                                           (19) 
and k is defined in (14). 
In view of the fact that kN is negative and kD is positive, the parameter κ is defined as: 
)/(/ NPNDN kkkkk +−=−=k                                                                                                  (20) 
Eq (18) becomes: 
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where: 
22 qA −= ρ                                                                                                                             (22.a) 
qB ρ=                                                                                                                                    (22.b) 
222224 ])1(1[ ρµρkρ ++++−= qqC                                                                                     (22.c) 
)]1()1[( 222 µµρkρ +−+= qqD                                                                                            (22.d) 
2)1( ρk+=E                                                                                                                         (22.e) 
It is obvious that for κ=0, eqs (21) and (9.b) are fully equivalent. 
In the limit cases of ζD = 0 or ∞→Dζ eq (21.c) becomes:  
C
ATXK =)0(                                                                                                                            (23.a) 
D
BTXK =∞)(                                                                                                                          (23.b) 
The first step for the optimization procedure, is to identify a pair of frequencies qL <1 and qR>1 
such that: 
TXK (qL) = TXK (qR)                                                                                                                   (24) 
 and that the value of TXK(qL)= TXK(qR) becomes independent of ζD. In order that a solution for 
such a pair of frequencies solution, two alternative conditions must be fulfilled: 
Case I: 
BCAD =                                                                                                                                 (25) 
The algebraic elaboration of eq (25) results to: 
0)( 222 =+ kρµ q                                                                                                                      (26) 
As it can be easily verified, no solution of eq. (26) exists for a positive q2, when the values μ,κ 
and ρ are positive. 
Case II: 
BCAD −=                                                                                                                                 (27) 
Elaboration of eq (27) results to: 
0)2(])1(1[2)2( 2222224 =++++++−+ ρµρkρµkkµµµ qq                                              (28) 
As a result of eq (28) the pair of roots of eq (28) must satisfy: 
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Additionally, both roots qL and qR must fulfill eq (23.b), which results to: 
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or equivalently: 
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The combination of eqs (28) and (30.b) leads to the optimal value of the parameter ρ in terms of 
the parameters κ and μ: 
µkµkµµ
ρ 2)1)(1(
1
−+++
=OPT                                                                                           (31) 
As it can be easily verified, eq (31) is reduced to eq (12.a) in case of κ=0. 
Substitution of (31) into eq (28) leads to the pair of values qL and qR: 
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Substitution of either (32.a) -or equivalently of(32.b)-  into eq (23.b)  into (30.a) leads to: 
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As it can be again easily verified, eq (33) is reduced to eq (12) in case of κ=0.  
Considering the selection of ζD , numerous approaches are possible, the detailed treatment of 
which is beyond the scope of the current paper. Α straightforward approach is followed in the current 
paper, requiring that for a specified frequency qZ  : 
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A frequent choice for qS  is: 
ρ=Zq                                                                                                                                    (35) 
The values of the elements of the KDamper thus finally result as: 
2/ kµρk −== ΝkkN                                                                                                                (36.a)                                                                                                    
2)1(/ µρkk +== ΡkkP                                                                                                        (36.b) 
2)1(1/ µρkkk ++== SS kk                                                                                                 (36.c) 
mmD µ=                                                                                                                               (36.d) 
DNPDD mkkc )(2 += ζ                                                                                                       (36.e) 
 
4. Basic properties of the KDamper 
Subtraction of the nominator from the denominator in eq (33.b) leads to the following relation: 
 0)1()1)(1()1()1( 22 ≥++=++++−++ kµµkµkµkµµkµ                                              (37) 
Relation (37) implies that: 
0),(1 ≥≥ µkτ                                                                                                                         (38) 
Thus, the following PROPERTY 1 of the KDamper is a direct consequence of eqs (33.a), (38): 
PROPERTY 1: The amplitude of the transfer function of the KDamper at the points qL and qR is less 
than the maximum amplitude of the transfer function of a TMD with equal μ: 
maxXMXKRXKL TTT ≤=                                                                                                                      (39) 
The obvious consequence of property 1 is that the addition of a negative stiffness spring reduces 
the magnitude of the transfer function of the TMD. Figure 4 presents the Transfer function of the 
KDamper for two values of κ. An obvious reduction is observed, compared to Fig 3.a. 
It should be noted that PROPERTY 1 does not hold for a spring kN with positive stiffness (i.e. 
with a negative value of κ). 
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 Figure 4: Transfer function of the KDamper for (a)κ=0.5, (b)κ=1.0  
 
Next, equating the denominator of eq (31) to zero, the following second order equation for κ 
results: 
 0)1()1(0)1)(1( 222 =+−+−⇔=−+++ µµkµµkµkµkµµ                                         (40) 
Solution of eq (40) leads to the following maximum value that can be reached for κ: 
2
/411
)1(
µ
µk
++
+=MAX                                                                                               (41) 
The first consequence of eqs (40) and (41) is the following PROPERTY 2. 
PROPERTY 2: The amplitude of the transfer function of the KDamper at the points qL and qR tends 
to zero when κ reaches the limit value of κMAX 
0→= XKRXKL TT   for  ΜΑΧ→kk                                                                                                 (42) 
 
The most important consequence of eq(42) is that quite small values of the transfer function TXK. 
Figure 5 presents the variation of ρ and TXKL=TXKR with the increase of the parameter κ. Figure 6 
presents Transfer functions for values of κ or μ close to the limits. Values of low μ/high κ characterize 
the Kdamper, while high μ/low κ characterize an inerter. As it can be observed, very low values of the 
transfer function of the KDamper, can be reached, quite below unity. Moreover, these values can be 
achieved by an almost marginal value of μ=0.01. This fact implies that the KDamper essentially does 
not require an additional mass mD. Moreover, the Kdamper indicates a superior behavior at the very 
low frequency range. 
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Figure 5: Variation of the KDamper parameters a) Effect of the mass ratio μ on the maximum 
value of κ. Β) Effect of κ and μ over the tolerance parameter ε. 
 
A first implication of of eq (42) is that there exists a range of values of κ for which: 
 1)()( <= kk XKLXKL TT   for UNkkk ≥≥ΜΑΧ                                                                           (43) 
Eq. (43) implies that in this case, the values TXKL=TXKR  do no longer present the maximum 
values of TXK since TXK (q=0) =1. Among others, this fact complicates the procedures for the 
selection of ζD based on averaging the slopes of TXK at the frequencies qL, qR. 
Furthermore, although equations (36) and (42) imply that by increasing κ the transfer function 
TXKL=TXKR  can be reduced almost to zero, increasing κ has a number of implications in the design of 
the KDamper. First, as it can be observed by equations (36.a) to (36.c), high stiffness values result. 
Figure 7 reflects this fact to the increase of the stiffness values  kN, kP and especially kS. 
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Figure 6: Transfer functions for values of  κ or μ close to the limits. Values of low μ/high κ 
characterize the Kdamper, while  high μ/low κ characterize an inerter. 
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Figure 7: Increase of the system stiffness by the increase of κ. (a) kN, (b) kP, (c)kS. 
Moreover, increasing the stiffness and especially kN may endanger the static stability of the 
structure. Although theoretically the value of kN  is selected according to eq (14) to ensure the static 
stability, variations of kN  result in practice due to various reasons, such as non-linear behavior, since 
almost all negative stiffness designs result from unstable non-linear systems, temperature variations, 
manufacturing tolerances, etc. Consequently, an increase of the absolute value of kN by a factor ε may 
lead to a new value of kNL where the structure becomes unstable: 
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 Substitution of (36.a) to (36.c) into (44) leads to the following estimate for the static stability 
margin ε: 
])1(1[(
1
22µρkk
ε
++
=                                                                                                                     (45) 
As it can be shown, the following PROPERTY 3 holds for ε.  
PROPERTY 3: The increase of the negative stiffness of the system is upper bounded by the static 
stability limit of the structure: 
0→ε   for  ΜΑΧ→kk                                                                                                                   (46)        
 
Figure 8 presents the variation of κMAX over μ and of ε over κ and μ. 
 Finally, as it is observed from eq. (21.d), high values of κ result to increased amplitudes of the 
response y, which may encounter further technological constraints. For example, eq (21.d) for q=0 
leads to: 
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Figure 8: Variation of  KDamper parameters a) Effect of the mass ratio μ on the maximum value 
of κ. Β) Effect of κ and μ over the static stability margin ε. 
 
5.An implementation example 
 
5.1 Indicative realization of a negative stiffness spring 
An example for an implementation of the KDamper is depicted in Figure 9. It consists from a 
mass m which is supported by two parallel linear springs with stiffness kS and kP respectively and by 
a damper with constant cD . The damper cD and the spring kP are in turn are connected to a mass mD . 
The negative stiffness spring is realized by a set of two symmetric linear horizontal springs with 
constants kH, which support the mass  mD by an articulated mechanism. 
The static equilibrium position of the system is depicted in Fig 9(a), under the action of the 
gravity force. The perturbed position after an external dynamic excitation f(t) is depicted in Fig 9(b), 
along with the necessary notation concerning the various displacements of the system. 
 
Figure 9: Variation of the KDamper parameters a) Effect of the mass ratio μ on the maximum 
value of κ. Β) Effect of κ and μ over the tolerance parameter ε. 
 
The equations of motion of the proposed oscillator are: 
                                                            (47.a) 
                                                                      (47.b) 
where lS(t) is the length of the spring kS, lSI is the initial length of the un-deformed spring kS, lP(t) is 
the length of the spring kP, lPI is the initial length of the un-deformed spring kP and fN(u) is the non-
linear force exerted by the set of the two symmetric oblique springs kH. 
The equations of the system at the static equilibrium point are derived by the equations (47):  
 
                                                                                         (48.a) 
                                                                                              (48.b) 
where the index ( )0 is used to denote the static equilibrium point, lS0 is the length of the 
(normally deformed) spring kS at the static equilibrium point, lP0 is the length of the (normally 
deformed) spring kP  at the static equilibrium point and fN(u0) is the non-linear force exerted by the 
set of the two symmetric oblique springs kH at the static equilibrium point. 
 Denoting by: 
SISS llv −= 0                                                                                                                           (49.a) 
PIPP llv −= 0                                                                                                                          (49.b) 
)( 00 uff NN =                                                                                                                           (49.c) 
the following equations result: 
SNDS kfgmmv /])[( 0−+=                                                                                                   (50.a) 
PNDE kfgmv /)( 0+−=                                                                                                          (50.b) 
Further elaboration of the sets of Eqs (48),(49),(50) and substitution in the set of eqs (47) leads to 
the final set of equations of motion: 
fyxkxkyxcxm PSD =−++−+ )()(                                                                                      (51.a) 
0)()()( =+−−−− ufyxkyxcym NDPDD                                                                                (52.a) 
where: 
0)()( NNND fufuf −=                                                                                                             (53.a) 
yuu += 0                                                                                                                                  (53.b) 
xll SS += 0                                                                                                                             (53.c) 
yxll PP −+= 0                                                                                                                      (53.d) 
The following expressions can be derived for the potential energy UN, the non-linear force fN and 
the equivalent non-liner stiffness kN of the set of the horizontal springs kH : 
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where lHI is the initial length of the un-deformed springs kH ,lH(t) is the length of the springs kH: 
2/122 )( ublH −−= α                                                                                                                 (57) 
and: 
 
a
blc HII
−
=                                                                                                                               (58) 
In the case of cI=0 the two horizontal springs are equivalent to a spring with a constant negative 
stiffness of kN=-2kH.  
 
5.2. Selection of the system parameters 
 The vibrations of a mass of m=500Kg are to be isolated, which is supported in the vertical 
direction by a system of springs of with a total static stiffness of k=2.4x106N/m. The corresponding 
vertical static deflection of the system under its own weight is XVSD=2cm and the natural frequency of 
the system is f0=3.5Hz. The maximum permissible equivalent static amplitude of the vibrations of the 
mass is XST=1cm. 
 The main parameters of a KDamper system are selected as μ=0.01 and κ=7.8. The resulting  
static stability margin is ε=0.05. The full set of the KDamper parameters is presented in Tables 1 and 
2 and the resulting transfer functions for the displacements x and y are presented in Fig 10. 
 
Table 1. Non-dimensional KDamper parameters 
μ κ Ε ρ ζD qL qR κΝ κP κS 
0.01 7.8 0.05 1.4279 0.69 0.97 1.87 -0.159 0.1784 2.400 
 
Table 2. Dimensional KDamper parameters 
kS kP kN mD cD 
5.8587x105 N/m 4.306x104 N/m -3.8167x104 N/m 5.0 Kg 215.87 Nsec/m 
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Figure 10: Transfer functions of the KDamper used in the application example (a) TXK, (b) TYK. 
 Next, the parameters of the negative stiffness spring and the corresponding mechanism are 
selected. In view of Fig 10b and taking into account that the maximum permissible equivalent static 
amplitude of the vibrations of the mass is XST=1cm, a maximum amplitude of uM=10cm is selected. 
The value of u0 is selected as u0=0.1cm. This value is selected close to u=0, so that an almost 
symmetric response around u=0 is obtained.  
 The rest of the parameters of the oblique springs are selected so that kN(u=0)=1.01kNC and 
kN(uM)=0.90kNC, where kNC = -3.8167x104 N/m is the constant negative stiffness of the KDamper in 
Table 2. Since kN(u=0) is the minimum value of kN, this setting of kN(u=0) guarantees that in view of 
eq (14), the system of springs remains statically stable for the entire operating range. Parallel, the 
choice of kN(uM) guarantees that kN(u) retains a sufficient level of negative values in the entire 
operating range, so that the damping properties of the oscillator are not compromised. A small 
negative value for cI =-0.05 is selected, in order to guarantee as far as possible a linear behaviour will 
be assumed. The resulting parameters of the negative stiffness springs and mechanism are kH 
=2.0289x104 N/m ,  lHI =0.430m, a=0.124m, b=0.4367m. 
 
Table 3. Negative stiffness spring and mechanism parameters 
kH lHI a b u0 
2.0289x104 N/m 0.430 m 0.124 m 0.4367 m 0.1 cm 
 
5.3. Response analysis 
 The Transfer Functions (Frequency Response Functions) TXK, TYK of the displacements  x and y 
of the proposed non-linear oscillator to a harmonic excitation force with an amplitude of 
Fe=FMAX=kXST=2400N are presented in Fig 11.  
The transfer functions are in a very good agreement to that of the reference linear stiffness 
oscillator. 
Figure 12 presents the waveforms of the displacements and velocities of the response of the non-
linear oscillator to the harmonic excitation force of Fe=FMAX= 2400N for two different excitation 
frequencies of fe= f0 =3.48Hz and of fe=1.0Hz, where the maximum response amplitude is observed. 
The response at fe= f0 =3.48Hz is essentially a harmonic waveform. 
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 Figure 11 Frequency Response Functions of the proposed oscillator to a harmonic excitation 
force of Fe=FMAX=0.05N a)Displacement x, b) Forces [‘b’=nonlinear] 
Contrary, the response at the low frequency excitation of fe= 1.0Hz indicates characteristic non-
linear features. The presence of non-linear features is due to the non-linear nature of the negative 
stiffness force, which is dominant over inertia forces at the low frequency range, which indicates that 
further analysis is necessary for the nature and characteristics of this non-linear response in the low 
frequency range.  Among others, these non-linear features can be further exploited in order to 
enhance the vibration absorption features of the KDamper, especially in the highly demanding low-
frequency range 
. 
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(c) (d) 
Figure 12 Response of the non-linear oscillator to a harmonic excitation force of 
Fe=FMAX=kXST=2400N (a) Displacements, fe=3.48Hz (b) Velocities, fe=3.48Hz, (c) Displacements, 
fe=1.0Hz (d) Velocities, fe=1.0Hz.(b=x,r=y) 
 
Figure 13a presents the variation of kN over time and Fig 13.b as a function of the displacement u 
of the set of the negative stiffness springs. A significant variation of kN is observed, verifying the 
strong no-linear nature of the response. However, the negative stiffness kN remains within the 
specified acceptable limits, which guarantee both static stability and damping behaviour. 
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Figure 13. Variation of the non-linear stiffness kN  to a harmonic excitation force of Fe=2400N 
and fe=1.0Hz:. a) Variation in the time domain. b) Range of oscillation. 
5.4. Balance of Forces 
Further insight to the physical behavior of the system is provided, by analyzing the balance of 
forces, as expressed by eqs (51). Figure 14 presents the magnitudes, the real and the imaginary parts 
of the Frequency Response Functions of the forces in the entire frequency range. As it is observed 
from the balance of forces acting on the mass m, (left column in Fig 14), the external force Fe is 
almost entirely balanced by the positive stiffness force FS and negative stiffness force FND, as well as 
by the inertia force FM of the main mass m. The balance of forces on the additional mass mD (right 
column in Fig 14) indicates that the negative stiffness force FND is essentially balanced by the 
positive stiffness force FP.  
The magnitude of the damping force FCD and of the inertia force FMD of the additional mass, is 
minimal throughout the entire frequency range, including the natural frequencies of the system.  
Contrary to the conventional linear dynamic systems, where the damping forces essentially peak at 
the resonance and thus balance the external forces, the effect of the damper in the KDamper is to 
generate a proper phase difference phase between the positive stiffness force FS and the  negative 
stiffness force FND. 
This phase difference is more evident in Fig. 15, which presents the waveforms of the forces at 
three characteristic excitation frequencies. This fact ensures that an adequate level of elastic forces 
exists throughout the entire frequency range, able to counteract the inertial and the external excitation 
forces and provides further insight on the background of stiffness based vibration isolation.  
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(e) (f) 
Figure 14 Transfer Functions of the various forces of the non-linear oscillator to a harmonic excitation force of Fe=FMAX=2400N: 
a)Magnitudes of TFs for the forces at the mass m,  b) Magnitudes of TFs for the forces at the mass mD , c)Real parts of the TFs for 
the forces at the mass m,  d)Real parts of the TFs for the forces at the mass mD  e)Imaginary parts of the TFs for the forces at the 
mass m,  f)Imaginary parts of the TFs for the forces at the mass mD.. [b=FS or FP, r=FN, g=FM, c=FMD, m=FCD, b=Fe] 
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(e) (f) 
Figure 15 Waveforms of the Forces a)Forces at the mass m for fe=1.0Hz ,  b) Forces at the mass mD , f e=1.0Hz c)Real parts of 
Transfer Functions for the forces at the mass m,  f e=3.48Hz d)Real parts of Transfer Functions for the forces at the mass mD 
fe=3.48Hz e)Imaginary parts of Transfer Functions for the forces at the mass m, for f e=5.7Hz f)Imaginary parts of Transfer 
Functions for the forces at the mass mD.  fe=5.7Hz [b=FS or FP, r=FN, g=FM, c=FMD, m=FCD, b=Fe] 
 
 6.Conclusion 
The systematic design procedure of section 3 leads to a KDamper performance that can 
inherently offer far better isolation and damping properties than the TMD. Moreover, since the 
isolation and damping properties of the KD essentially result from the stiffness elements of the 
system, further technological advantages can emerge over JD, in terms of weight, complexity and 
reliability, without any need for compromises in the overall stiffness of the structure as it is the 
case of QZS.   
The background of the performance of this stiffness based vibration absorption concept is the 
fact that an adequate level of elastic forces exists throughout the entire frequency range, able to 
counteract the inertial and the external excitation forces, while the damping forces and the inertia forces 
of the additional mass remain minimal in the entire frequency range, including the natural frequencies.  
Moreover, the inherent non-linear nature of the negative stiffness force can be exploited to offer 
further potential advantages of the KDamper concept, such as robustness, broadband response and 
energy sink. 
Such  a dam  oscillator concept presents the potential for numerous implementations  in a  
large variety  of technological  applications,  either  as a discrete vibration isolator, or in the 
form of periodic metamaterials and composite structures. Moreover, further applications may 
emerge in a multi- physics environment. 
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